The effect of probe geometry on the classical Hall response to a weak perpendicular inhomogeneous magnetic field is studied numerically. An electric potential equation based on a classical model of the two-dimensional Hall effect is solved numerically for a generalized flux distribution to find the Hall response function. We find that the magnitude and shape of this response function is strongly affected by probe geometry. Asymmetric cross-shaped Hall probes, with one narrow voltage lead, have a strongly peaked response more localized than in symmetric probe arrangements. This suggests novel lithographic patterns that may improve the spatial resolution of Hall magnetometry and scanning Hall probe microscopy.
I. INTRODUCTION
Small scale Hall effect devices are increasingly employed as high spatial resolution magnetometers to study superconductivity and magnetism on small length scales. [1] [2] [3] Such devices are useful over a wide range of experimental conditions-in temperature, environment, and magnetic field-and extremely sensitive. An important application is in scanning Hall probe microscopy ͑SHPM͒ in which a cross-shaped sensing element ͑probe͒, typically fashioned from a two-dimensional electron gas, is scanned in close proximity to a magnetic surface. 1 In these experiments the magnetic field can vary on length scales smaller than the dimensions of the Hall probes ͑the state-of-the-art in linewidth is ϳ0.35 m͒, necessitating a model of how Hall probes average over inhomogeneities in the magnetic field. 4, 5 As we show here, such a model can also guide the development of even higher spatial magnetic probes.
We consider a two-dimensional classical model of the Hall effect in an inhomogeneous magnetic field, applicable to the diffusive transport regime. Assuming a weak perpendicular inhomogeneous magnetic field, a potential equation with an inhomogeneous term is derived. To first order in the magnetic field, the Hall response to an arbitrary magnetic field distribution can be determined as a superposition of the response to ''point'' fields. In the numerical calculation, we use a small finite magnetic flux positioned in different regions to approximate the point response of a Hall probe and thus to determine the spatial averaging of the Hall probe. Our study on cross-shaped Hall probes shows that this response function is strongly affected by the voltage and current lead geometry. We give a qualitative explanation of this result and discuss a novel lithographic pattern that may enhance the resolution of SHPM.
II. HALL EFFECT IN INHOMOGENEOUS MAGNETIC FIELD
In the presence of a magnetic field, the current and electric field are not collinear. In the diffusive regime, the constitutive relation between local current J, electric field E, and external magnetic field B is [6] [7] [8] [9] [10] JϭEϩ H ͑JϫB͒, ͑1͒
where is the conductivity, H is Hall mobility. Solving for J in Eq. ͑1͒ gives
͑3͒
is the effective conductivity. In the two-dimensional case, E and J are confined within the Hall probe plane (E z ϭ0). If the magnetic field is perpendicular to the Hall plate, i.e., BϭB z ẑ , Eq. ͑2͒ becomes
With the continuity equation, ٌ•Jϭ0, and EϭϪٌ, we find an equation for the electric potential. With H B small and the inhomogeneous effect weak enough, we neglect terms of order H 2 B z ٌB z , giving:
The boundary conditions are: 6, 7 ͑i͒ at conducting boundaries, the tangential component of electric field is zero, i.e., ‫ץ/ץ‬tϭ0; and ͑ii͒ at insulating boundaries, the normal component of current is zero, i.e., ‫ץ/ץ‬nϪ H B z ‫ץ/ץ‬tϭ0.
If B z is uniform, Eq. ͑5͒ becomes Laplace's equation and the solution to the Hall effect problem is determined by the a͒ Electronic mail: andy.kent@nyu.edu boundary conditions. However, if the magnetic field is not uniform, the inhomogeneous term in Eq. ͑5͒ is given by the gradient of magnetic field and local electric field. This term can be regarded as a source, proportional to the charge distribution which results from the inhomogeneous magnetic field. If we consider a localized flux inside the Hall probe boundary, this term is zero except at the edge of flux. As the gradient in the magnetic field changes direction across the flux, with a constant electric field in this region, the inhomogeneous term is equivalent to an electric dipole source oriented perpendicular to the local electric field. 9 This dipole source is the localized Hall response-the local Hall field balancing the Lorentz force. While the magnetic perturbation considered is short range, the potential is affected over large length scales and an average balance results, as indicated schematically in Fig. 1 . Since the variation of local electric field is of the order H B z , the change of this dipole source due to the variation of electric field is of the order ( H B z ) 2 . Thus in a small uniform magnetic field ͑to first order in H B z ), the net Hall electric field can be considered to be a superposition of these local dipole fields.
III. RESULTS
We use a finite difference method to solve Eq. ͑5͒. The potential function (x,y) is represented by its values on a grid i, j , the partial differential equation, and the boundary conditions can be expressed as the relation between the field value at the point and the values at its neighbors. 8, 10 These relations comprise a set of linear equations and therefore can be solved numerically. 11 In our case of inhomogeneous equations, the parameters of the linear equations are determined by the local magnetic field. The algorithm we use is the successive overrelaxation ͑SOR͒ method. The convergence criterion is ␦Ͻ10
Ϫ12
. The cross-shaped Hall plates are simulated on a 160 ϫ160 square lattice ͑Fig. 2͒. The two conducting contacts of the current strip are located at xϭϯ1, they have fixed voltage 0 and 1 ͑we use dimensionless units͒. W I is 1/4 of the length of the current strip. The width of two voltage strips are W V 1 and W V 2 . All other boundaries are insulating. Numerical calculation shows that both ends of the voltage strip are equipotential ͑Fig. 3͒, and we take the Hall voltage as the difference between the average potential of the two voltage contacts.
There are two equivalent ways to consider the effect of a uniform magnetic field on the Hall probe. The first is the usual one, to solve the homogeneous ͑Laplace's͒ equation with inhomogeneous ͑non-zero-field͒ boundary conditions. Another way is to put the magnetic field only within the boundary and solve the inhomogeneous equation with homogeneous ͑zero-field͒ boundary conditions. We have calculated the Hall voltage of a symmetric cross (W V 1 ϭW V 2 ϭW I ) with both methods and find the relative difference of Hall voltage calculated from these two methods is below 0.1%. This is due to the different ways that the potential at boundary lattice points are calculated with the above methods.
We put a small finite magnetic flux in different regions of the cross probe and compute the Hall voltage. This flux occupies 25 points in the 160ϫ160 lattice and the magnetic field is H B z ϭ1ϫ10 Ϫ3 . Considering ␦ as the error of the potential on the 160ϫ160 grid, the error of ٌ 2 is of the order 1.2ϫ10
Ϫ9 . The maximum magnitude of the electric field in the Hall probe is about 0.5 ͑for all the Hall probe geometries considered͒, and H B z ϳ10 Ϫ1 , therefore the in- homogeneous term Ϫ H ٌB z •(ٌϫẑ ) is of the order of 10 Ϫ2 . As mentioned previously, we neglect higher order terms in the magnetic field in all our computations. The first of these is H 2 B z ٌB z ϳ10 Ϫ4 , so that this approximation is quite reasonable.
The response function of the Hall probe is shown in Fig.  4͑a͒ . We also draw the cross section corresponding to half of the maximum response ͑half-peak cross section͒ in Fig. 4͑b͒ . If we regard this as a measure of the spatial resolution of the Hall probe, we will notice that it is larger than the area of intersection between the current and voltage strips, as discussed in Ref. 4 .
To study how the probe geometry affects the response function, we repeat the above simulation on asymmetric Hall probes. The W V 1 /W I of these samples are 0.5, 0.4, and 0.3. The results are shown in Figs. 5͑a͒, 6͑a͒ and 7͑a͒.
If we integrate these response functions over the whole cross probe, the relative difference between the integral and the Hall voltage obtained from homogeneous magnetic field is less than 10%. This difference is not only due to the first order approximation, but also the contribution of the lattice points at the boundaries which we do not include. The error from the points at the boundaries increase as W V 1 decreases, due to the increasing importance of boundary points in this instance.
The same calculations on fewer lattice points (80ϫ80) on symmetric and asymmetric Hall probes give qualitatively the same behavior. Since there are fewer lattice points near the voltage leads, the error is much larger. These results suggest that the qualitative response function which we find is independent of the lattice size used in our computation.
As W V 1 decreases both the peak of the response function increases ͑the peak value normalized to the maximum of the symmetric Hall response is shown in Fig. 8͒ and the shape of the response function changes. We draw the half-peak cross sections in the response function in Figs. 5͑b͒, 6͑b͒, and 7͑b͒ . From the point of view of SHPM, the area of the cross section reflects the spatial resolution. The area of the half-peak cross section for different W V 1 /W I ͑normalized to the area of the intersection of the voltage and current probes in the symmetric Hall probe geometry͒ is shown in Fig. 8 . This means the Hall cross probes with one narrow voltage strip, under conditions of diffusive transport will have a Hall response that is more sharply peaked and hence improved spatial resolution. 
IV. DISCUSSION
To understand the origin of the peaks in the response of the asymmetric cross probes ͓Figs. 5͑a͒, 6͑a͒, and 7͑a͔͒, we put a small magnetic flux at different points along the y axis and study the response with different voltage strip width (W V 1 /W I ϭ1, 0.5 and 0.3). Both the magnitude and position of the ''dipole source'' ͓see Eq. ͑5͔͒ determine the Hall response. We consider the influence of the magnitude and position of the source separately to determine the underlying reason for the peaks. First, to study the effect of the dipole position, we use an electronic dipole of fixed magnitude as the source and calculate the Hall response with the same numerical method. The result is shown in Fig. 9͑a͒ . As the dipole moves closer to the voltage lead, the Hall response increases. When we narrow W V 1 , the response near the center of the Hall cross does not change much, while the response in the vicinity of the narrower voltage lead (yϭ Ϫ0.25) increases rapidly. Second, we consider the influence of the magnitude of the source. Since the magnitude of the source is proportional to the local electric field, we plot the profile of the x component of electric field E x along the y axis in Fig. 9͑b͒ . The electric field approaches that of a long Hall strip (E x ϭ1/2) near the center of the Hall cross and falls off into the voltage strips. For the symmetric geometry the decrease in electric field near voltage strips leads to a smooth broad response function. On the other hand, when the voltage probes are narrowed, the increase of the dipole response near the voltage strips overcomes the decrease of the dipole magnitude, hence the peaks in Hall response function appear. As seen in Fig. 9͑c͒ , this weighted dipole response adequately matches the response to the magnetic flux.
Typically higher spatial resolution is achieved in Hall probe magnetometry and SHPM by symmetrically scaling device proportions to smaller sizes. These calculations suggest that spatial resolution may be enhanced in asymmetric device geometries, with one voltage lead narrowed, and can be limited by the width of the narrowest voltage strip. Clearly, as the size of the strips approach the mean-free path, l mfp , one approaches a ballistic transport regime and our diffusive model is no longer appropriate. With common semiconductors and applications, l mfp ϳ10 nm, which suggests that a classical approach may be valid to ϳ100 nm sizes, beyond the present state-of-the-art. It will be of clear interest to explore such an approach to fabricating submicron Hall sensors to examine their spatial resolution, noise, and sensitivity. 
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